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Pressure-Based Computational Method for Compressible
and Incompressible Flows

S. M. H. Karimian* and G. E. Schneiderf
University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

A control-volume-based finite element method with a new formulation for the convecting integration-point
velocity for the implicit solution of unsteady compressible and incompressible flows is presented in this article.
The method creates a strong coupling between pressure and velocity in incompressible flow on a colocated grid.
A pressure-based approach is used to generalize the method for both compressible and incompressible flows.
Several quasi-one-dimensional test problems provide validation of the method for Mach numbers ranging from
very incompressible flow to supersonic flow with no penalty in accuracy or rate of convergence. Strong shock
waves are captured without introducing artificial viscosity.

Nomenclature
A = control-volume area
AR = area ratio of outlet to throat
Cv = specific heat
K = conductivity
L = distance between "ip" and "up" points
M = Mach number
m = mass flow per unit area
P = nodal value of pressure
p — pressure
S = source term
T = temperature
t = time
U = nodal value of velocity
u = velocity component
u = convecting velocity
V = volume
x = Cartesian coordinate
F = general diffusion coefficient
AJC = distance between two nodes
A<£ = streamwise correction term
8 = difference of the neighbor nodal values
® = dissipation function
IJL = viscosity
p = density
$ = generalized conserved quantity

Subscripts
E, P, W = east, center, and west nodal points
e, w = east and west integration points
ip = integration point
th = throat
up = upstream point
<!> = related to </>

Superscripts
= lagged value from the previous iteration

0 = lagged value from the old time step
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Introduction

T HE computational methods for solving Navier-Stokes
equations are traditionally classified into two categories:

1) methods for compressible flow and 2) methods for incom-
pressible flow.

Some of the methods developed for incompressible flow
are based on the stream function-vorticity formulation which
has many drawbacks. Primitive variable methods can be easily
extended to include three-dimensional flow. The main prob-
lem with these methods is the formation of a checkerboard
pressure field1 in incompressible flow. The staggered grid was
the first remedy for this problem.2 With the staggered grid,
the components of velocity are not colocated with each other
nor with the other problem variables, including pressure. Be-
cause of the complications associated with the extension of
the staggered grid to two dimensions, the colocated variable
methods have strong appeal.

In the Galerkin finite element literature, a number of meth-
ods have been proposed for the numerical treatment of trans-
port problems.3"5 There are also a number of streamline up-
wind/Petrov-Galerkin (SUPG) methods for fluid flow problems.
SUPG methods were originally developed for the incom-
pressible Navier-Stokes equations and have been extended
to compressible Euler and Navier-Stokes equations.6 In con-
trol-volume-based finite element methods, the discrete equa-
tions are determined by applying conservation balances to de-
fined control volumes. This permits stringent conservation of
conserved quantities (e.g., mass, momentum, and energy)
throughout the domain and enables physical modeling to be
employed in the description of flows crossing the control-
volume surfaces. In addition, the finite element basis enables
application to complex geometrical domains with ease. These
features have been exploited previously by Baliga and Patankar7

for triangular elements, and by Schneider and Zedan8 for
quadrilateral elements, with extensions by Schneider and
Raw9-10 also for quadrilateral elements.

For compressible fluid flows almost all methods use the
continuity equation to solve for density, as a primary variable,
and then specify pressure from the equation of state, e.g.,
Ref. 11. These methods are not efficient for solving incom-
pressible or low Mach number flows. In the incompressible
limit numerical difficulties arise in the calculation of pressure
from the equation of state, these include 1) roundoff error
due to using density as a primary variable,12 and 2) a time
step [or Courant-Freiderichs-Lewy (CFL) number] constraint
due to the infinite acoustic speed.13

These difficulties can be removed by choosing a pressure-
based approach in which pressure is a primary variable and
density is found from the equation of state. Van Doormaal
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et al.14 demonstrated that there are no limitations, due to the
type of variables, to using a pressure-based method for com-
pressible flow calculations. More recently, pressure-based
methods have been used to develop a calculation procedure
that is valid for the entire spectrum of Mach numbers.15"19

A new formulation for the convecting integration-point ve-
locities, which are used in the continuity equation, is pre-
sented in this article. The method creates a strong coupling
between pressure and velocity in incompressible flow, and
removes any nonphysical oscillations in the solution domain.
However, the main contribution of this article is to use the
same idea to extend the formulation to compressible flow
calculation. The method is fully implicit, and therefore, there
is no time step constraint. Several one-dimensional test prob-
lems are examined to provide validation of the method for
Mach numbers ranging from incompressible flow to super-
sonic flow.

Computational Formulation
Three significant issues that strongly affect the nature of a

computational method are convection-diffusion modeling,
colocation of variables in incompressible flow, and compress-
ible flow considerations. Although the results and formulation
are presented for one-dimensional flow, the underlying con-
cepts apply equally well for multidimensional flows.

Convection-Diffusion Modeling
Consider the following one-dimensional conservation equa-

tion for </>, that can stand for velocity or temperature. Note
that when </> = 7, S^ includes the rest of the terms in the
conservation form of the energy equation:

dt dx dx
= - r^ +s.

dx (1)

The one-dimensional grid structure is shown in Fig. 1. After
integration over the control-volume, Eq. (1) becomes

(2)
dt

where (p</>) and 5$ are the average values of (p0) and 5^,
respectively, over the control-volume, and the subscript ip is
used to denote integration point, as indicated in Fig. 1. When
the derivative of a variable is included in the source term,
e.g., dP/dx in the momentum conservation equation, its in-
tegral over the control volume would become also a surface
integral, e.g., 2 i p p J P A i p . Nodal values of p and </> are used
to represent p and </>, respectively, in the transient term. Since
the primary variable is pressure, density is substituted from
the equation of state. The diffusion term in Eq. (2) is modeled
using a bilinear interpolation of (/>, which is consistent with
the elliptic nature of diffusion. To make the algebraic system
of equations well-posed, the integration-point variable for the
convection term also needs to be related to nodal variables.

For convection-dominated problems, one would expect that
the influence of the upstream value, i.e., </>up, would have a

sub-control-volumes

control-volume P

integration-points at the
control-volume surfaces

element e

large influence on the value of <fo
assumption for this case would be

An appropriate profile

(3)

In one dimension c/>up would be the upwind nodal value of </>.
Different approaches have been used to find Ac/>. One ap-
proach is to use Taylor series expansion, whereas a second
approach is to evaluate this term based on the physics of the
problem. With the second approach an additional equation
is needed for each integration-point variable. This equation
is obtained by algebraically approximating the nonconserva-
tive form of the conservation equation for the variable in
question at each integration point. For the generalized con-
served quantity this differential equation is given by

dd> d(p d . ^^— + pu — = — 1 —dt ^ dx dx\ dx (4)

For the cases where </> = u and </> = 7, the above equation
would be the momentum equation, where F = /A, and the
thermal energy equation, where F = K/CV, respectively. $#
would be different for each case. If the term pudcfr/dx is mod-
eled by pu\(4>ip - </>up)/L at the integration point, then </>ip
can be represented by

in which the whole bracket on the right side is the term A</>
[as in Eq. (3)], and is obtained based on the physics of the
problem through the rearrangement of Eq. (4) having mod-
eled the convective term as above. All of the terms in A</> are
modeled appropriately.

In the above procedure c/>ip is obtained only by modeling
the convective term in Eq. (4), and the other terms are left
to be modeled in the Ac/> term. The approach taken by Raw20

was to approximate all of the terms in the differential equa-
tion, i.e., Eq. (4), and then obtain the integration-point var-
iable by rearranging the resulting algebraic equation. With
his approach </>ip is implicitly affected by all of the terms in
the differential equation.

Consider that the flow is from left to right and we are
interested in finding the integration-point value of velocity,
i.e., (/> = u, at the east integration point. The differential
equation which should be modeled is the momentum equa-
tion, i.e.

_ du
P dt PU dx ~ dx V dx) dx (6)

for which the terms are modeled at the east integration point
as follows:

du 2pu
(7)

~ 4u"
dp
dx

(PE - PP)
A* (9)

In order to enhance stability of the method, particularly when
a high-pressure gradient is developed in an Euler flow with
zero initial velocity, e.g., shock tube problem, the transient
term is modeled as

Fig. 1 One-dimensional grid structure.
ue - u°e UP - UP (10)
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After substitution of the above approximations in Eq. (6) and
rearrangement, the east integration-point velocity for tran-
sient viscous flow, that is now connected to the nodal values
through the momentum equation, is represented by

_1
2C

UP
J.
2C

Hoc PP-
Ax

Re

(11)

where the Courant number is C = wAr/Ax, and the cell Rey-
nolds number is Re = pwA*/^. Equation (11) includes all of
the physics and relevant couplings for velocity. A similar for-
mulation can be obtained at all integration points. For a steady
flow where C^> °°, the integration-point velocity expression
becomes

Re + 2

AJC
2pu[l + (4/Re)] V A*

Re + 4

P — p* p * (12)

Equation (12) can be examined for two limiting cases, i.e.,
Re —> 0 and Re —> °°. For a cell Reynolds number of zero we
get

UP+ UE
Uf

PP - PE

2 8^ V AJC

and for a cell Reynolds number of infinity we get

Ax PP - PEue = UP + —=[ -?——p 2pu \ Ax

(13)

(14)

For a small Reynolds number (approaching zero) the in-
tegration-point velocity depends equally on both nodal ve-
locities. As the Reynolds number increases, then so does the
influence of the upwind velocity.

The same procedure is applied to the thermal energy equa-
tion to obtain the integration-point value of temperature. After
approximation, substitution, and rearrangement Te is ob-
tained as

T =
_1
2C

Ax
/V Ax

T°e - fp

Pe

(15)

where the Peclet number is Pe = puCvkxlK, pe is (PF + PP)I
2, and ® is the dissipation function. Both ue and Te are the
integration-point variables that will be used in the convection
term of the momentum and energy conservation equations
[i.e., Eq. (2) in general], respectively. Since these quantities
are convected with the mass flow through the control-volume
surface, we call them convected variables. In the next section,
modeling of the integration-point velocity that is used in the
mass conservation equation will be discussed. This velocity is
called the convecting velocity and is denoted with the hat,
e.g., ue.

Colocation in Incompressible Flow
The problem of pressure-field decoupling, known as the

"pressure checkerboard problem," when incompressible flow
is modeled on a colocated grid is well known.1 This problem
can be demonstrated by considering the steady one-dimen-
sional Euler flow for which the mass and momentum conser-
vation equations for the control volume P are written as

(pa.) - (Puw) = o (16)

Pu(ue - uw) + (p. - pw) = 0 (17)

If all of the integration-point quantities are substituted using
an average of nodal values, then Eqs. (16 and 17) becomes

(18)

pu - Uv
.

P P
^^1 =0 (19)

With these equations, only the alternate nodal velocities and
pressures are connected to each other through the mass and
momentum equations, not the adjacent ones. As a result,
adjacent pressures and velocities are completely decoupled
from each other, and therefore, a checkerboard pressure field
can be formed. The main reason for this problem is that the
integration-point velocities are not connected to the nodal
values based on the physics of the problem. For viscous flows
the problem is more subtle, but the pressure decoupling per-
sists. Several approaches to this problem can be found in the
literature18-20-22; however, it is hard to understand the reason
for using specific terms in these methods. Raw20 proposed to
use the same formulation, as obtained for the convected ve-
locity, i.e., Eq. (11), for the convecting velocity in the mass
conservation equation to remove the pressure checkerboard
problem. A detailed analysis of the method of Ref. 20 and
more test problems reveal that this method cannot solve the
so-called pressure checkerboard problem when Euler flow is
modeled.21-23

In this section we will present a method that prevents the
formation of a checkerboard pressure field throughout the
solution domain. In order to give a clear understanding of
the present scheme, the procedure development is briefly
outlined.

Consider the convected velocity for the steady incompress-
ible Euler flow, i.e., Eq. (14). This equation is equivalent to
the following form:

UP UE _ 8u 8p
(20)

where 8u/8x and 8p/8x are central difference approximations
for dw/djt and dp/dx, respectively. This means that the inte-
gration-point velocity is equal to the average of two nodal
values of velocity plus an additional term that includes a form
of the momentum equation between two adjacent nodes, i.e.,



270 KARIMIAN AND SCHNEIDER: PRESSURE-BASED COMPUTATIONAL METHOD

P and E. After substitution of ue from Eq. (20), and uw from
a similar equation into Eq. (17), this equation is rewritten as

pu ~ U, ~ P,

AJC
—2

8u 8p
— + f-8x 8x) / c c> \ ~l/ ou 8p\— I pu — + — I (21)

In the following analysis, the role of Eq. (20) in a check-
erboard field will be shown. By checkerboard field we mean
checkerboard pressure or velocity field. If the momentum
equation, for a control volume at P, is satisfied using central
difference approximations, then the left side of Eq. (21) will
be zero. However, such a situation, as is well known,1 will
still permit a checkerboard field. Now, as noted above, the
left side of Eq. (21) will be zero for such a field, and therefore,
if Eq. (20) is used, resulting in Eq. (21), then the two terms
in the parentheses of Eq. (21), i.e., on the right side, will be
equal to each other, because the right side is a difference of
terms. In fact, the parentheses represent, individually, the
momentum equation errors between P and E, and between
W and P, respectively, i.e.

se = \pu ~ UP

pu

AJC

. - UK
AJC

AJC

PP - pv
AJC

(22)

(23)

It is noted that the left side of Eq. (21) is identically equal
to, in this formulation, the sum of ee and ew times Ajc/2. This
is somewhat fortuitous since, using Eq. (20) for ue and sim-
ilarly for uw in Eq. (17), results in the right side of Eq. (21)
being the difference between ee and ew times AJC/2. Since, for
the checkerboard field, the left side is zero, both ee and ew
must themselves be identically zero, for this case. Thus, with
the momentum equation approximations satisfied at P as well
as between nodes, there can persist a checkerboard pressure
and velocity field. In fact, the only case that does persist is
where both velocity and pressure are checkered. This situation
is a result of not constraining the integration-point velocity
through conservation of mass within the element. However,
for consideration of only momentum transport, this is not a
serious problem; the problem arises when the coupling be-
tween mass and momentum is considered and the mass trans-
porting velocities, i.e., the convecting velocities, must be de-
termined.

In order to remedy the latter problem, a new formulation
for the convecting velocity is proposed by using the continuity
equation to constrain the velocity field in Eq. (20). Therefore

Up UE AJC— —— [(momentum eq. error)

- w(mass eq. error)],. (24)

With this convecting velocity, mass conservation equation be-
comes

U,- _- ~p

AJC / 8u 8p\ i 8u 8p
— \\pu— + — - (pu— + —
2u V 8x &c/ V 8x 8x

(25)

An analysis similar to that applied for the momentum equa-
tion can be used here to conclude that if a checkerboard field
tends to be formed in the solution domain, then necessarily

the mass equation should be satisfied between nodes P and
E, and nodes W and P. Therefore, with the proposed con-
vecting velocity, pressure, and velocity of the middle nodes,
e.g., P, are constrained by satisfying both mass and momen-
tum equations in the neighbor elements, e.g., e and w. The
structure of the mass and momentum conservation equations
can be shown by rearrangement of Eqs. (25 and 21) to be

PE - 2PP

2u

pu(UP - Uw) + (PP - Pw) = 0

(26)

(27)

The elliptic nature of the pressure is exhibited in the mass
conservation equation. One may argue why only the mass
equation is not used in the bracket of Eq. (24), i.e., ue -
[(UE + UP)/2] - (kx/2pu)(updu/8x). It should be mentioned
that in this case in which the mass conservation equation
becomes

UP - Uw = 0 (28)

there is no effect of downstream pressure on the velocity and
pressure of node P. This is in contrast with the elliptic nature
of incompressible flow. The proposed idea for the convecting
velocity can be generalized to the transient viscous flow. Since
the procedures of finding convected and convecting velocities
are similar, they can both be obtained simultaneously, i.e., sav-
ing computational efforts. The convecting velocity of a gen-
eral case, at the east integration-point for instance, is given
by

UP + UE AJC PP - Pt

AJC

U" ~
U

Re

+ TERMS (29)

where

TERMS =

U2(pE - PP) _
~c (30)

is evaluated using lagged values from the previous iteration.
A similar formulation can be written for the west integration
point. It is seen that the convecting velocity depends equally
on both the nodal velocities, independent of the Reynolds
number, and the Courant number. This is the effect of using
both the continuity and momentum equations at the integra-
tion-point to find an expression for the convecting velocity.
For an incompressible flow TERMS = 0. For a steady-state
compressible Euler flow we further have

Ax P. - P,
T- (PE ~ PP)

(31)

Several one-dimensional test problems were examined in
Ref. 23 and it was found that the new formulation prevents
the formation of checkerboard pressure field.
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In this article Eqs. (11) and (29) are used for the convected
and the convecting velocities, respectively (for the east in-
tegration point). Since both convected and convecting veloc-
ities are introduced at this stage, it is noted that all of the
linearized integration-point velocities (indicated with the
lower case u and overbar, e.g., u), are the lagged values
of convecting velocities from the previous iteration, i.e.,
u = u.

Compressible Flow Considerations
The main contribution of this article is the generalization

of this new formulation to a computational method capable
of solving one-dimensional flow problems ranging from in-
compressible flow to supersonic flow.

In the methods for compressible flow, in which the un-
known variables are density, velocities, and temperature, the
continuity equation is usually treated as a time-marching
equation. In the pressure-based methods, however, the at-
tempt is always to keep the continuity equation as a constraint
equation for pressure, which reflects a correct Mach number
dependent behavior for pressure. In this regard two issues
should be addressed: 1) linearization of the continuity equa-
tion and 2) a decision about the value of density at the control-
volume face, i.e., integration point.

For a linearization of the mass conservation equation to be
appropriate for both subsonic and supersonic flows, both the
velocity and density must be allowed to play an active role.
The following type of linearization was proposed by Van
Doormaal24:

pu = pu + pu — pu (32)

This linearization of mass flow, which is algebraically equiv-
alent to a Newton-Raphson linearization with respect to both
velocity and density, is able to capture changes of both ve-
locity and density in each iteration. Equation (32) permits a
smooth transition from incompressible flow, where p is nearly
constant, to very supersonic flow, where u is nearly constant.
Using Eq. (32), Eq. (16) is rewritten as

(peue - pwuw) + (peue - pwuw) = (peue - pwuw) (33)

In order to close Eq. (33), integration-point densities should
be related to the nodal variables. In highly compressible flow
the continuity equation acts as a transport equation for den-
sity. In this case, evaluation of density at the integration-point
should be something similar to that of convected quantities.
Therefore, for the east integration-point when flow is from
left to right

Pe = PP +

where

(34)

(35)

is evaluated using lagged values from the previous iteration
at the integration point, and pp is substituted from the equa-
tion of state, e.g., perfect gas

Pp = (36)

The idea of upwinded density has also been used for solving
the transonic full-potential equations.25-26 As the effect of
compressibility becomes more important, particularly in
supersonic flow, a smooth transition from elliptic to hyper-
bolic behavior is exhibited by the continuity equation. To
present this property of the algorithm it will be simpler to
limit the discussion to steady Euler flow. After substitution
of pe and ue from Eq. (34) and Eq. (31), and pw and uw from

similar equations into Eq. (33), the conservation form of the
steady-state continuity equation for the control volume P is
written as

1
2

Uw+ UP

PP) + ^r-

p ~ Pw) - :

ue -

= {peae - pwaw} (37)

where MR is a reference Mach number whose square is equal
to u2/(RTup).

In the incompressible flow limit, where p ~ p, the first
brace, i.e., {}, is dominant, and the effect of the second brace
would be cancelled with the right side. Since difference of
densities goes to zero in the limit, Eq. (37) approaches the
incompressible formulation of the continuity equation pre-
sented by Eq. (26) for which there is no difficulty in conver-
gence. As the result of the pressure/velocity coupling, that
was made through the convecting velocity, the continuity
equation exhibits the elliptic behavior of flow in this regime.

In the compressible supersonic flow limit, where u ~ u, the
effect of the first brace is cancelled with the right side and
the second brace becomes more dominant. In this case, the
influence of upstream pressures as a function of Mach number
increases, and therefore, the hyperbolic nature of the flow is
recovered.

It is expected that in the incompressible flow region, i.e.,
very low Mach numbers, Ap is represented by the difference
of nodal densities, e.g. (Ap)e = (pE — pP)/2. Therefore, in-
stead of only using Eq. (34) to represent density in Eq. (32),
a more accurate approach would be to have a smooth tran-
sition of pe from the upstream profile in compressible flow,
i.e., Eq. (34), to linear profile in incompressible flow. Mach
number should be the governing parameter for this purpose.
This can be achieved by introducing

Pe = pp

where

(Ap), = a(Kp)e + (1 - a)[(pE - pP)/2]

(38)

(39)

for the east integration point, and a similar equation for the
west integration point can be written. Upwind density is sub-
stituted by perfect gas equation. The parameter a should be
a function of local Mach number. Following the practice of
Ref. 27 the following form of a is employed in this study

a = [M2/(l + M2)] (40)

where a = 1 when M -» o°, and a = 0 when M —> 0. The
aforementioned linearization of the continuity equation is more
appropriate when the unknown variables are pressure, ve-
locities, and temperature. In the case where the momentum
component, i.e., pw, is the unknown variable, difficulties arise.
When density appears explicitly in the continuity equation, it
was shown that it can be treated in a way that results in the
correct Mach number dependent behavior for pressure. If
density and velocity are both included in one unknown var-
iable then it would not be simple to exhibit the dual role of
pressure (through the velocity and density) in compressible
flow. This will not cause a major difficulty in compressible
subsonic flow. However, more theoretical efforts are needed
to achieve a set of equations, particularly the mass conser-
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vation equation, which correctly exhibits the hyperbolic na-
ture of partial differential equations in supersonic flow.

In order to examine the performance of the new formu-
lation in the compressible flow regime, and with respect to
shock location in particular, the proposed method is used to
solve a gw0s/-one-dimensional compressible Euler flow. The
unknown variables are pressure, temperature, and velocity.

Finite Element Procedure
Following the standard finite element methods, the solution

domain is broken up into a number of finite elements with
nodes located at every element corner. Within each element
there would be a sub-control-volume (SGV) corresponding to
each node, as shown in Fig. 1. For each node a control volume
is formed by the sub-control-volumes surrounding that node.
Although in a control-volume-based finite element method,
conservation balance of a conserved quantity holds for every
control volume, its formation will be affected by an element-
by-element assembly of elemental contributions. For each
conservation equation, this elemental contribution is deter-
mined by evaluating the source and transient terms over the
SCV and the convective and diffusive fluxes at the SCV sur-
face, i.e., integration point. Therefore, at the element level,
there would be two SCV equations for each unknown. The
assembly procedure will entail the addition of these SCV con-
tributions to the respective control-volume nodal equation.

In the previous sections the integration-point variables, which
are used to determine the mass and convective fluxes at the
element level, were thoroughly discussed. It is our contention
that the modeling of the integration-point quantities is the
heart of the computational method development in a control-
volume-based approach. More details about the assembly pro-
cedure of the control-volume-based finite element methods
can be found in Ref. 28.

A few comments about the method should be made. First,
the primary goal of the present study is to break the com-
putational barrier between the two flow regimes. Although
we do not present the computational performance of the
method, our experience shows that there is no difficulty in
this regard for both regimes. Second, the present method is
second-order accurate in both limits of Euler flow and Stokes
flow, and its accuracy falls between first- and second-order
when both viscous and inertia forces become important. Third,
there is nothing intrinsic about the extension of the method
to multidimensional flows. Two-dimensional flow test prob-
lems are being computed on unstructured grids.

Numerical Results
Four test problems are examined by the method and good

agreement with the exact solution has been achieved. A sym-
metric converging-diverging nozzle with AR = 2.035 is the
geometry of the solution domain. The quasi-one-dimensional
Euler flow of an ideal gas is solved; note that the numerical
formulation presented previously must be modified to include
the effects of the variable cross-sectional area for these cases.
In all of the results, pressure and temperature are nondi-
mensionalized by the outlet pressure and the inlet tempera-
ture, respectively. The duct axis is nondimensionalized by the
height of the throat and the grid spacing is uniform in all test
problems. Boundary conditions are temperature and mass
flow specified in the inlet and pressure specified at the outlet.
Since it is the responsibility of the algorithm to calculate the
inlet pressure, the accuracy of the code can be checked by
the pressure error at the inlet.

In the first case, mass flow and outlet pressure are so de-
signed to achieve a complete subsonic flow in the diverging
part of nozzle with sonic flow at throat, i.e., Mth = 1.0. Fifty-
one nodes, i.e., only fifty elements, are used to obtain the
results in Fig. 2. Numerical results are indistinguishable from
the exact solution (broken line). Sonic flow is achieved with
an error in the Mach number of less than 0.5% in the throat.

51 NODES
Exact = - - - - - - - - Present a...................

symmetric converging-diverging nozzle with AR=2.035

-goor
©-

o

-0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5
duct axis

5.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5
duct axis

Fig. 2 Converging-diverging nozzle/subsonic flow.

The inlet pressure error, normalized with the inlet dynamic
pressure, is within about 0.2%.

When flowfields having a shock wave are numerically solved,
oscillations in the vicinity of the shock wave are frequently
observed. In order to determine the source of those oscilla-
tions related to the continuity and momentum equations, in
the second case it is assumed that temperature is constant
(isothermal flow), and so the energy equation is not solved.
With the same mass flow of the first case, the back pressure
is decreased to create a strong shock wave in the diverging
part of the nozzle, i.e. (Pback/Pinlet) = 0-697. The Mach num-
ber distribution and nondimensionalized pressure distribution
are compared with the exact solution in Fig. 3. Numerical
results (dotted line) which are obtained on a 75-node grid
structure are in excellent agreement with the exact solution.
The pressure error at the inlet of this supersonic case is again
about 0.2%. This accuracy is achieved by evaluation of pip
from Eqs. (38) and (39) in which Ap is substituted from Eq.
(35). More investigation showed that the method of calcu-
lation of Ap highly influences the nature of oscillation around
the shock wave. Instead of evaluating Ap within each ele-
ment, using nojdal values of that element [e.g., nodes E and
P for (Ap)J, Ap is evaluated at each node using, variables
of the neighbor nodes [e.g., nodes W and E for (Ap)J, and
then an absolute harmonic interpolation21 is used to calculate
(Ap)ip, i.e., for (Ap),

(Ap)P|(Ap)£|
|(Ap)P

(41)

This interpolation favors the term that is smaller in magnitude.
The role of the absolutes appears when the two terms do not
have the same sign. In this case the interpolation gives a zero
value.

If pip is represented by pup only, where pup is substituted by
Pup/(RTup), then the algorithm would be very robust, but
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symmetric converging-diverging nozzle with AR=2.035
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Fig. 3 Converging-diverging nozzle/isothermal flow.
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Fig. 4 Converging-diverging nozzle/isothermal flow pip = pup.
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duct axis

Fig. 5 Converging-diverging noz/le/nonisothermal flow.

accuracy is lost. This is shown in Fig. 4 for which the same
problem is solved, but pip is represented by Pup/(RTup). A
sharp shock wave is again captured without much effort and
demonstrates the robustness. But, as was expected, both nu-
merical diffusion in the vicinity of the shock wave and nu-
merical pressure loss in the whole solution domain with the
maximum in the inlet are observed. This is because in this
case evaluation of pip is first-order accurate. Excessive dissi-
pation in the vicinity of the shock wave, when a first-order
density up winding is used, has been reported in the litera-
ture.16

For the fourth case, which is a supersonic ideal gas flow,
all of the conditions of the second case remain unchanged,
but the number of the nodes is increased to 80. These results
correspond to a flow for which the isothermal restriction has
been removed. The numerical results are shown in Fig. 5.
The accuracy of the temperature and pressure distribution is
found to be in excellent agreement with the exact solution.
There are very little preshock overshoot and aftershock
smearing. For the energy equation, the effect of calculation
of Tip on the shock wave is very similar to that of the calcu-
lation of pip on the shock wave. Again, Tip = Tup increases
the robustness of the code, but decreases the accuracy. In
short, the difficulty of calculation of T-lp across the shock wave
was solved in a manner similar to that used for pip. For the
Euler flow, where Pe Tp + (AT), in which (AT),
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includes the last three terms in Eq. (15), and is computed
using absolute harmonic interpolation.

Conclusions
A new control-volume-based finite element formulation for

compressible and incompressible fluid flow problems on a
colocated grid has been presented. The strong coupling be-
tween pressure and velocity through the convecting velocity,
and the representation of pressure through density in the
continuity equation, have made the algorithm capable of solv-
ing a wide range of flow speeds. Since the method approaches
the incompressible formulation at very low Mach numbers,
i.e., reflecting the elliptic behavior of flow, large time steps
will not affect the convergence rate in this regime. The method
of calculation of the integration-point density and tempera-
ture have resulted in both accurate and oscillation-free so-
lutions for flows with shock waves.
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